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Abstract
The synoptophore was used to measure torsional interocular disparity. This, in turn, was used to compute how much the angle
between the Listing’s plane (LP) of the two eyes changes as a function of the vergence angle. The ratio of these two angles was
defined as G. We measured G in normals and in patients suffering from intermittent horizontal strabismus. Consistent with
previous search-coil experiments and with our previous visual test measures, the results using the synoptophore suggest that, for
normals, G is less than 1. In the patient group the mean G was similar in magnitude but more variable. The variations in G did
not appear to be related to the patient’s measurement of ocular deviation. This result suggests that the vergence-related rotation
of LP in these patients may be related to other factors besides the effort required to fuse the lines of sight. © 1998 Elsevier Science
Ltd. All rights reserved.
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1. Introduction
For some time it was assumed that because the eyes
rotate about their lines of sight during vergence [1,2],
Listing’s law holds only for gaze at distant targets.
However, this is not correct. Mok et al. [3] showed that
subjects converging on a near object still obey Listing’s
law in the sense that their eye position remains confined
to a plane as long as vergence remains constant, however,
this plane rotates temporally in each eye. This rotation
depends on vergence: as vergence increases the temporal
rotation of Listing’s planes increase. Therefore, the
ocular torsion during vergence simply reflects rotations
of the two Listing’s planes, which cause both eyes to
undergo extorsion on downward gaze and intorsion on
upward gaze [3–6].
The relative orientation of images on the two eyes, the
torsional disparity, depends on how their Listing’s planes
rotate. When the interplane angle equals the vergence
angle, there is zero torsional disparity of horizontal lines
parallel to the visual plane—the plane containing the line
of sight of the two eyes [5,7,8]. Thus one can indirectly
measure the temporal rotation of Listing’s planes by
measuring the elevation dependence of the torsional
disparity. Using red-green filters to separate the images
of red and green lines on a video monitor, we found that
the angle between the Listing’s planes was on average 0.7
(range 0.5–0.90) times the vergence angle [9] consistent
with our previous measures of the rotation of Listing’s
planes with dual search coils [3,6]. Thus it appears that
Listing’s plane turns less than would be required to zero
the torsional disparity of horizontal lines.
The first goal of this study was to determine if this
rotation of Listing’s plane during vergence could also be
measured indirectly, using an apparatus readily available
in the clinic: a synoptophore. A synoptophore presents
separate images to the two eyes. These images can be
precisely rotated horizontally, inducing various degrees
of vergence. The torsional disparity can be measured by
asking the subject to rotate the image torsionally until
this disparity becomes zero.
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The second goal of this study was to use the synop-
tophore to determine how much Listing’s planes ro-
tated in patients suffering from various forms of
intermittent horizontal strabismus. When viewing
monocularly, these patients displayed various degrees
of eso- or exo-deviation without any prominent vertical
disparity. In the synoptophore they were able to fuse a
binocularly viewed dot and circle. Van den Berg et al.
[10], have shown that subjects who have an exo-devia-
tion display an elevation-dependent cyclovergence even
when viewing distant targets. As a result, their Listing’s
planes are not perfectly parallel but are rotated tempo-
rally even at a vergence angle of zero. Van den Berg et
al. [10] have suggested that this occurs because conver-
gence is used to align the diverging eyes of these
subjects. In this paper we use the synoptophore and our
visual tests to re-examine this idea.
1.1. Methods
In total, ten normals and ten patients participated in
the study. The patients were selected according to the
following criteria: an eso- or exo-deviation measurable
in the distance or at near, a vertical ocular deviation of
less than two diopters, Snellen visual acuity of 20:25 or
better in the distance (6 m), near visual acuity of
J1 (at 33 cm), motor fusional convergence amplitudes
of ten prism diopters or better in the distance and 30
prism diopters or better at near, binocular single vision
both at near and distance, as well as near stereopsis of
100%% or better. Specifically, both intermittent eso- and
exo-tropias as well as eso- and exo-phorias made up the
group of deviations studied. Permission was obtained
from the referring ophthalmologists to invite these can-
didates for a repeat, comprehensive orthoptic examina-
tion to confirm eligibility for study participation. All
patients provided informed consent. Stereoacuity was
recorded with the Titmus system. Sensory status was
reported as a fusion response for near and distant
targets using the Worth four-dot test. A cover-uncover
test demonstrated the ocular deviation both at near and
in the distance, with and without refractive correction.
Best corrected visual acuity was recorded. The alternate
cover test with prism bars was used to quantify the
ocular deviation both at near (33 cm) and in the
distance (6 m). The subjects in the control group were
identified by the above criteria with the exception of
having a horizontal ocular deviation limited to two
diopters
We used a synoptophore [11] to measure the eleva-
tion-dependent torsional disparity during various de-
grees of convergence. With a synotophore the subject
views two images at optical infinity through two eye
pieces. These images fill the visual field so that nothing
is seen of the surrounding laboratory. The images can
be rotated horizontally, vertically, and torsionally
about a Fick system of gimbals, independently for each
eye. When positioned correctly the axes of these gim-
bals pass through the center of the eye. The images
viewed by the two eyes were designed to induce ver-
gence without cyclofusion (Fig. 1). Vergence was in-
duced by a black centered dot surrounded by a gray
circle seen by both eyes. A red line, 6.2 cm long, was
viewed by the right eye and a green line by the left eye.
To prevent cyclofusion one line was displayed above
the center dot and the other below it. The subject was
required to fuse the binocular black dot and the gray
circle. Depending on the task the lines were oriented
roughly horizontally or vertically. Initially, the lines
were not parallel. While keeping the target circles fused,
the subjects were required to make the two lines appear
parallel (Fig. 1A) by rotating the torsional control knob
of the right eyepiece. When the subject indicated that
the lines appeared parallel, the actual angle between the
Fig. 1. The test conditions. Each eye looked through an eyepiece lens
at a green or a red line, 6.2 cm long. Initially the lines appeared
non-parallel. (A) Subjects made the red line appear parallel with the
green line by rotating the torsional control knob of the right eyepiece.
(B) The actual misalignment of the lines was quantified by taking the
torsional value of the right eyepiece. Positive numbers were assigned
to the torsional disparity when the red line was oriented clockwise
(CW) with respect to the green line.
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Fig. 2. The torsional disparity, for one subject, as a function of image elevation at 0, 10, 20, and 30° of convergence. Each point represents a single
trial measurement. The lines are the lines of best fit to the data. Note: by convention the down position was denoted as positive. The slope,
DTdisp:DV, was small at zero convergence and became increasingly more positive with increasing convergence. Subject RS.
lines was recorded by taking the torsional value of the
right eyepiece. A positive value was assigned to the
torsional disparity when the red line was oriented clock-
wise (extortion) with respect to the green line (Fig. 1B).
A total of nine trials of data were collected in random
order, three with the image centered in front of the
subject, three with the image elevated 20° up, and three
with the image 20° down. Throughout, the head was
immobilized with a chin and forehead rest.
For each normal subject we collected data as de-
scribed above at various degrees of horizontal conver-
gence: 0, 10, 20, and 30°. The patients were tested under
the same conditions as normals, although only for
those degrees of vergence at which the subject was able
to keep the target circles fused. With the exception of
four of the normal subjects, RS, JD, DT, and TV, all
the subjects were naive.
1.2. Data analysis
To determine the dependence of torsional disparity
(Tdisp) on both vergence (D) and elevation (V) we fitted
the data to:
TdispkkV*VkD* DkDV* DV (1)
The k ’s were determined using a least-squares fit. Each
of the k ’s account for the torsional disparity as it
changes with elevation, vergence, or both. In Eq. (1), k
describes the torsional disparity at zero vergence and at
zero elevation. The term kV is related to the torsional
disparity of the two eyes as elevation changes, i.e.
disparity when looking down compared to when look-
ing up. The term kD denotes the component of torsional
disparity that depends on vergence and not elevation.
The last term, kDV, describes what happens to torsional
disparity when both vergence and elevation change.
This term is of particular interest because, as detailed in
Appendix A, its’ magnitude is proportional to how
much Listing’s planes turn as a function of vergence
(assuming that Listing’s plane in each eye is a plane and
not a curved surface and that they rotate temporally
and symmetrically).
By Eq. (1), the change in disparity with change in
elevation is given by:
Elevation slopesDTdisp:DVkVkDV* D (2)
Thus kDV could be determined from the slope in Eq. (2)
as shown in Fig. 3. However, for the sake of complete-
ness we use Eq. (1). In addition we performed various
cross-correlation’s to determine whether there was any
relationship between the constants in Eq. (1), and be-
tween the near and far measures of ocular deviation
and the constants.
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Fig. 3. The slope, DTdisp:DV, as a function of the disconjugate angle (vergence). A line of best fit taken to the data shows that the points lie very
close to a line. Note that kDV represents the torsional disparity as it depends on both elevation and vergence.
2. Results
2.1. Normals
When normal subjects were required to align hori-
zontal lines at various degrees of convergence they
showed an elevation-dependent torsional disparity.
That is, when the subject stated that the lines viewed by
the two eyes were parallel, the torsional dial settings on
the synoptophore were different. Fig. 2 shows this
torsional disparity as a function of image elevation at 0,
10, 20, and 30° of convergence for one subject (RS).
There was a consistent clockwise (CW) disparity
when the image was lowered by 20° and a counter-
clockwise (CCW) disparity when the image was raised
by 20°. When the image was placed at center, disparity
was small. A line fitted to the disparity as a function of
elevation shows a positive slope for all degrees of
convergence. Note that the slopes have positive values
because we adopted a convention in which down is
positive in accordance with the right-handed co-ordi-
nate system used in most 3-D studies of eye move-
ments. This slope, Ddisp:DV, was small at zero
convergence and became increasingly more positive
with increasing convergence. Fig. 3 shows that this
increase was linear and that the data lie close to the line
DTdisp:DVkVkDV* D where kDV0.016 deg1 and
kV0.05, r0.999 in subject RS.
In total, ten normals were tested under the same
conditions, and across all normals DTdisp:DV became
more positive with increasing convergence. The average
kDV across the ten normals was 0.01490.001 degree1
(1 S.D.) (Fig. 4A).
In the vertical lines task, a similar elevation-depen-
dent disparity was observed. The kDV on average across
all ten normals was 0.01590.003 degree1 (1 S.D.), a
value that was not significantly different from that
obtained with horizontal lines (two-tailed, t-test, PB
0.12). Due to no difference being found, patients were
tested with horizontal lines only.
2.2. Patients
We also measured the torsional disparities of ten
patients viewing the same horizontal lines at various
degrees of convergence. Like the normal subjects, pa-
tients showed an elevation-dependent torsional dispar-
ity which increased with convergence. Fig. 4B shows a
plot of kDV for ten patients tested under the same
conditions as the normals in this study. The kDV on
average was 0.01390.003 degree1 (1 S.D.), a value
slightly smaller than, although not significantly differ-
ent from that of the normals (two-tailed, t-test, P\
0.01). However, the range of values obtained was
greater; for normals the range was 0.013–0.017 while
for patients it was 0.008–0.018 (S.D. normals0.001
and S.D. patients0.003). While the maximum kDV
was comparable to that of the normals, the minimum
was below that of the normals. A more detailed de-
scription of the interpatient variability is given in the
section on strabismic ocular deviation.
There was no difference between normals and pa-
tients in their mean kD values or in their kV ’s. The mean
k values, in contrast, were significantly more positive
for patients (k normal 0.4690.57, k patient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Fig. 4. The kDV ’s for ten normal subjects (A) and ten patients (B). Error bar for the average represents 1 S.D. The average kDV for patients was
not significantly different from that of normals as determined by a two-tailed t-test (99% level).
0.3991.39). The S.D. of the k ’s was larger in patients
(Tables 2A and 2B).
We cross-correlated the k ’s to determine if there was
any interplay between them (Table 1). The strongest
correlation in patients was between k and kV. When k
increases kV seems to increase (r0.77) (Fig. 5). In
normals there was no correlation between k and kV if
one included all ten subjects. If one excluded subject
TV a strong negative correlation was observed (r 
0.78).
The second strongest correlation in the patient group
was between kV and kDV. As kV increases kDV seems to
decrease (r 0.59). Other r-values are given in Table
1. Interestingly, no such relation was found for nor-
mals, possibly due to their ranges being much smaller
(Fig. 6).
2.3. Strabismic ocular de6iation
Measures of the ocular deviations using prism bars in
the alternate cover test were taken for both normals
and patients viewing both near (33 cm) and far (6 m)
targets. Compared to normals, patients displayed a
measurably larger range of ocular misalignment in both
the near and far condition (Tables 2A and 2B). Fig. 7
describes the relation between our near and far mea-
sures of deviation for both normals and patients. The
measures of near and far deviations were related in the
patients (r0.85), by the equation deviation far
0.82*deviation near5.19 diopters. No such relation-
ship existed for the normals (r 0.11), possibly due
to the ranges, particularly the far range of deviations,
being small.
Next we investigated the relation between the ocular
deviations and the k ’s (Table 3). We found that in
normals, kV decreases as near deviation increases (r
0.87) and kDV increases as far deviation increases
(r0.66). In contrast, our group of ten patients
showed no clear relation between the k ’s and the ocular
deviations. As seen in Table 3, all r-values in the
patient group were less than or equal to 0.36. If the two
patients with manifest tropias, P3 and P4, were ex-
cluded, a strong correlation between deviation and kDV
was observed. Excluding the same two patients we
found that kDV increases as near deviation increases
(r0.56) and that kDV also increases when far devia-
tion increases (r0.61). Also, if the patients are subdi-
vided into three groups intermittent esotropias, phorias,
and intermittent exotropias there seems to be a ten-
dency of the intermittent exotropic patients to have a
larger k and more positive kV than the intermittent
esotropic group (Tables 2A and 2B).
Table 1
Correlations: r values
kv kd kdv
Normals
0.02 0.28k 0.16
kv 0.01 0.24
kd 0.35
Patients
0.52k 0.77 0.06
kv 0.44 0.59
kd 0.22
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Table 2A
Correlations between the k ’s in the ten normals and ten patients
Normal subjects Near deviation (diopters) Far deviation (diopters) k (°) kV kD kDV (degree
1) Gain (G)
0TV 0.8063E 0.084 0.056 0.013 0.37
0 0.989 0.0670 0.048MK 0.014 0.50
0KN 0 0.878 0.026 0.068 0.014 0.55
0JD 0.9110 0.037 0.084 0.014 0.49
2X 0.517 0.0480 0.043RS 0.016 0.69
1XRV 0 1.011 0.061 0.160 0.013 0.39
2X 0.156 0.027HC 0.1462X 0.015 0.56
1 0.656 0.0292X 0.051SD 0.017 0.81
4AB 0 0.322 0.025 0.082 0.013 0.41
0 0.006ND 0.02214 0.064 0.014 0.48
0.463 0.038Average 0.080 0.014 0.53
0.571S.D. 0.029 0.041 0.001 0.08
3. Discussion
3.1. What do the k’s in Eq. (1) imply about the
rotation of Listing’s plane?
We fitted torsional disparity Tdisp as the sum of four
components: a constant component k, a component kV
that depends only on elevation, one that depends only
on the degree of vergence kD, and one that depends on
both elevation and vergence kDV. Each of these compo-
nents expresses some difference in the orientations of
the Listing’s planes in the two eyes.
The first term in Eq. (1), k, is determined by the
torsional disparity that exists when elevation and ver-
gence are both zero. From Eq. (1) it can be seen that
when V0 and D0, Tdispk. A zero k value means
that the torsional disparity of the two eyes is zero, i.e.
the two eyes are aligned torsionally. A positive k means
that the image of the red line viewed by the right eye
was rotated CW relative to the left eye (Fig. 8A). What
does this mean in terms of Listing’s plane? If the red
line seen by the right eye had to be turned CW in order
to align it with the green line, then the right eye must
have been rotated in the same CW direction (Fig. 8B).
Therefore, a positive k, means that the Listing’s plane
of the right eye is shifted forward in the CW direction
relative to that of the left eye (Fig. 8C).
The main difference between the normal subjects and
the patients was the larger variability in the k ’s and
thus the relative shift of the Listing’s planes in the two
eyes. The mean k for patients, 0.39°, was significantly
more positive than that of the normals, 0.46°. There
was no clear correlation between the measured ocular
deviations and k if all ten patients were included.
However, two of the three patients in the intermittent
exo-tropic group had positive k ’s while two of the three
patients in the intermittent esotropic group showed
negative k ’s.
The next term, kV, describes the elevation-dependent
disparity at zero vergence. This is related to the initial
nasal:temporal orientation of the Listing’s planes of the
two eyes when the target is viewed in the distance. A
positive kV indicates a temporal rotation of the planes,
whereas a negative kV indicates a nasal rotation. One
can illustrate this to oneself by picturing what the eyes
are doing. Consider what happens when the planes are
rotated temporally. In that case, when both eyes are
looking up, the right eye is rotated CCW and the left
eye is rotated CW, which means that torsional disparity
will be negative on up gaze. When the eyes look down,
torsional disparity is positive. Given that down is the
positive direction for vertical eye position V, this means
that the disparity increases as V increases — i.e. kV is
positive when the planes rotate temporally. The fact
that our normal subjects had positive kV ’s on average
shows that their Listing’s planes were rotated tempo-
rally in the absence of any vergence. Similarly, patients
on average, and in the intermittent exotropic group in
particular, showed an initial temporal rotation of their
Listing’s planes.
The third term, kD, describes the change in torsional
disparity that occurs when vergence changes while the
eyes are at zero elevation. This would occur if the
Listing’s planes in the two eyes were pitched relative to
each other. As described in the results there did not
appear to be any clear difference between the kD ’s of
normals and patients.
The term kDV represents how disparity changes as a
function of the product of elevation and vergence. This
corresponds to how much more the Listing’s planes
rotate during convergence. As with the kV term, a
positive kDV also represents a temporal rotation of
Listing’s plane, although, in this case rotation that
increases with the vergence angle. In both normals and
patients, the kDV values were positive, implying that
their Listing’s planes rotated temporally during conver-
gence. The mean kDV values of patients and normals
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Table 2B
Measures of near and far deviations as well as the k’s for each of the normal and patient subjects
Far deviation (diopters) k (°) kV kDNear deviation (diopters) kDV (degree
1)Patient subjects Gain (G)
16 E(T) 1.500 0.038 0.061 0.011P1 0.1614 E(T)
12 E(T) 0.333 0.00010 E(T) 0.025P2 0.009 0.01
14 ET 2.000 0.050P3 0.0332 ET 0.018 0.88
0.278 0.004 0.023Average 0.013 0.35
1.751S.D. 0.044 0.044 0.004 0.43
4 E 0.833 0.038P4 0.0004 XT 0.014 0.47
0 2.444 0.154P5 0.10812 X 0.008 0.13
1 X(T) 0.000 0.02512 X 0.008P6 0.014 0.54
12 X(T)P7 0 0.583 0.023 0.008 0.012 0.27
0.674 0.030 0.027Average 0.012 0.29
S.D. 1.316 0.087 0.055 0.0036 0.32
20 X(T) 0.722P8 0.02114 X(T) 0.100 0.013 0.34
25 X(T) 2.167 0.06320 X(T) 0.050P9 0.014 0.47
20 X(T) 0.575 0.055P10 0.11240 X(T) 0.014 0.46
0.673 0.046 0.054Average 0.013 0.43
1.447 0.022S.D. 0.090 0.001 0.10
0.388 0.024Overall average 0.034 0.013 0.39
1.391Overall S.D. 0.059 0.058 0.003 0.32
The last column contains Gain values calculated using kDV. Various forms of strabismus classified as T (tropia), (T) for intermittent tropia, E for
esophoria, and X shown for exophoria. The numbers represent the ocular deviation measured in the distance and at near in diopters. (A) The 10
normal subjects. (B) The patient group subdivided into intermittent esotropias, phorias, and intermittent exotropias. Average k ’s and gains shown
for each subgroup given to 1 S.D. Last rows show average k ’s and gains across all ten patients to 1 S.D.
were not different but the patients’ values had a larger
range.
3.2. Correlations between k, kV, kD, and kDV
We found that patients with large k values tended to
have large kV ’s (Fig. 5). This suggested that the amount
the Listing’s planes shifted were positively related to
how much they were turned temporally when viewing a
target in the distance. This relationship was true for
patients, although not for normals, possibly due to k
being less variable in the normals.
We also found that patients with large kV values
tended to have small kDV ’s. This meant that a subject
who showed a large initial temporal rotation of List-
ing’s planes in the distance exhibited a smaller increase
in the rotation of the planes during convergence. In
normals, no such influences on the orientation of List-
ing’s plane were discovered, again possibly due to their
kV ’s and kDV ’s being less variable.
In our previous studies [3,6,9] the rotation of List-
ing’s plane was quantified using a gain factor, G rather
than kDV. To convert between the two measures, we can
use the equation G1.87kDV180:p1 (derived in
Appendix A). Tables 2A and 2B shows the calculated
gain values for each subject when horizontal lines were
presented. The average kDV for horizontal lines was
0.01490.001 degree1, which converts to a G of
(0.014180:p)10.5090.16 (S.D. across ten nor-
mals). When vertical lines were presented, kDV averaged
0.01590.003, giving a G of 0.6190.32. These two
values agree well with our previous measures of G,
landing within the range of 0.49–0.91 [3,6,9]. This
suggests that the synoptophore is a suitable tool for
measuring the relative orientation of the Listing’s
planes in two eyes. For patients, the average kDV of
0.01390.003 converted to a G of 0.3990.32.
As discussed by Tweed [8], the ideal G for minimizing
torsional disparity is one. The ideal G for minimizing
the position-related effort of the muscles is zero. Nor-
mals and the patients both seem to compromise by
selecting an intermediate value of G. In patients, kV and
kDV were inversely correlated. A small kDV corresponds
to a small G. Thus if a subject exhibited a large initial
temporal rotation of Listing’s plane when viewing far
targets, this would translate to a small G : a smaller
increase in the temporal rotation with increased
vergence.
3.3. Does strabismus influence the rotation of Listing’s
plane?
Van den Berg et al. [10] reported that subjects who
have an exo-deviation exhibited an elevation-dependent
cyclovergence even when fixating distant targets. This
suggests, that in these subjects, the Listing’s planes of
the two eyes are not parallel but are rotated temporally,
even at a vergence angle of zero. Van den Berg et al.
[10] suggested that this occurs because to these patients
using convergence to align their strabismic eyes causing
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Fig. 5. The constant k as a function of kV for normals and patients. In normal subjects there was a strong negative correlation if we excluded
subject TV. For the patient group, a strong positive correlation exists between k and kV.
their Listing’s planes to turn temporally. Thus the
orientations of the Listing’s planes in these patients
when viewing far targets are similar to those of normals
viewing near targets.
As in Van den Berg et al.’s study, two of the three
patients in our exo-deviation group showed a kV that
indicated a larger-than-normal temporal rotation of
Listing’s planes at zero vergence. The average kV for
the intermittent exotropia group was greater than that
of the intermittent esotropia group. However, there was
a great deal of variability, as is indicated by the lack of
correlation between our measures of ocular deviation
and the calculated kV ’s. This lack of correlation is
somewhat surprising given that this correlation is
present in the normals. It suggests that other factors
besides vergence may be affecting the Listing’s planes
of these patients. Indeed Melis et al. [12], found that the
orientation of Listing’s plane need not be related to the
misalignment of the visual axes. While we excluded
patients who had vertical ocular deviations of more
than two diopters we did not exclude subjects on the
basis of a torsional misalignment. Thus it is possible
that some of our patients also suffered from an unde-
tected paresis of the oblique muscles.
In contrast to the kV ’s, the patients showed a kDV
that indicated a similar increase in the temporal rota-
tion of Listing’s plane during vergence as that of nor-
mals. The average kDV ’s were similar between the exo-
and the eso-deviations if we included all ten patients.
However, if we excluded P3 and P4, the two patients
who had manifest tropias, the average kDV for the
intermittent exotropic group was greater than that of
the intermittent esotropic group and a strong correla-
tion becomes evident between our measures of ocular
deviation and the calculated kDV ’s.
This study suggests that the synoptophore is a useful
tool to explore these possibilities. An underlying as-
sumption in the present study is that Listing’s plane is
indeed flat. Recent studies suggest that Listing’s plane
in normals has a slight curvature [13]. While some
strabismic patients show no marked curvature [12] per-
haps in our patients this curvature was more pro-
nounced. The difference in curvature of the two
Listing’s planes can be measured with the synoptophore
by charting disparities across the oculomotor range.
The synoptophore has an advantage over the search
coil technique in that it is non-invasive and thus appli-
cable to a wider range of patients.
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Fig. 6. The constant kDV as a function of kV for normals and patients. In normal subjects, kDV is not correlated with kV. In patients, there was
a strong negative correlation.
Appendix A
How can we use the torsional disparities measured
with the synoptophore to compute the rotations of
Listing’s planes? To relate our computations to those in
earlier papers, we shall express eye positions in
Helmholtz co-ordinates, as did Van Rijn and Van den
Berg [5] and Somani et al. [9]. In these co-ordinates, the
torsional angles of the right and left eyes, TR and TL,
are given by the following equations, derived in Somani
et al. [9]:
TRGDV:4HRV:2 TL GDV:4HLV:2
(A1)
These equations express the binocular extension of
Listing’s law [3], the fact that ocular torsion depends on
the other components of eye position: horizontal, verti-
cal and vergence. HR and HL are the horizontal angles
of the right and left eyes, and V is the vertical angle of
both eyes. This means that each eye has a Listing’s
plane and these planes turn temporally and symmetri-
cally when the eyes converge. (When eye positions are
Fig. 7. Measures of near ocular deviation using alternate cover test
with prism bars as for normal and patient subjects. In normals, no
correlation existed between these two measures. In the patient group,
a strong positive correlation existed between measures of near and far
deviations.
Table 3
The r-values describe interplay between ocular deviation and the k ’s
Correlations: r values
Near deviation Far deviations
(Normals) (Patients)(Normals)(Patients)
0.260.13 0.18 0.07k
0.87 0.06kV 0.06 0.36
0.01 0.31kD 0.150.09
0.01Kdv 0.20 0.66 0.12
N is used to indicate a normal subject and P for a patient. Near and
far deviation represent horizontal ocular misalignments.
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Fig. 8. The relation between k and the orientation of Listing’s plane.
The k term is the torsional disparity when elevation and vergence are
equal to zero. (A) What the subject sees. When k was positive, the red
line, viewed by the right eye, was rotated clockwise (CW) in order to
make it parallel with the green line. (B) What each eye sees. The
dotted lines represent lines drawn on the back of each eye. The solid
lines represent the green and red line, seen by the left and right eye,
respectively. The right eye must be rotated CW to make the red line
parallel with its horizontal meridian and thus parallel with the line
viewed by the other eye. (C) The relative location of Listing’s plane in
each eye. The solid line indicates the Listing’s plane (LP). CW
represents a clockwise torsional rotation of the eye, CCW counter-
clockwise, U upward and D downward. Thus a positive k means that
the LP of the right eye is shifted forward relative to the left eye.
meaning that the targets seen by the two eyes are first
rotated horizontally and then vertically, whereas the
Helmholtz co-ordinate system uses the reverse order:
vertically then horizontally. So the image seen by each
eye through the synoptophore has been rotated first
horizontally about a head-vertical axis; then vertically
about a horizontal axis that moved with the first,
horizontal rotation; and finally torsionally about the
line of sight. This means that with a synoptophore, the
torsional disparity of the images seen by the two eyes
will equal the difference between the eyes’ Fick-tor-
sional angles:
TdispFTRFTL (A3)
To get back to Helmholtz co-ordinates, we use the
following conversion formula:
FT1.07(THV) (A4)
i.e. the Fick-torsional angle of an eye is equal to its
Helmholtz-torsional angle plus the product of its
Helmholtz-horizontal and Helmholtz-vertical angles, all
multiplied by 1.07. This equation is only an approxima-
tion to the more complicated exact conversion formula,
but for the eye positions used in our experiments it is
accurate to within approximately 0.2°, which is good
enough for our purposes.
Substituting Eq. (A4) into Eq. (A3) gives us a for-
mula for the torsional disparity, Tdisp, entirely in
Helmholtz co-ordinates:
Tdisp1.07(TRHRV)1.07(TLHLV) (A5)
Using Eq. (A2), we can simplify this to
Tdisp1.07(TRTLDV) (A6)
To relate Tdisp to G, the variable we want to compute,
we substitute Eq. (A1) into Eq. (A6):
Tdisp1.07[(GDV:4HRV:2) (GDV:4HLV:2)
DV ] (A7)
This can then be simplified, again using Eq. (A2), to
give
Tdisp0.535(G1)DV (A8)
For the next and final step, recall from Section 2 that
we fitted the torsional disparity, Tdisp, as a linear combi-
nation of four terms:
TdispkkVVkDDkDVDV (A9)
Now comparing Eqs. (A8) and (A9), we see that the
constants k, kV and kD in Eq. (A9) should all equal 0,
and kDV should be given by
kDV0.535(G1) (A10)
It follows that G can be obtained from kDV by the
equation:
expressed in Helmholtz co-ordinates, then the vertical
co-ordinates of the two eyes must be equal if the gaze
lines are to intersect at all; see [5]). D is the disconju-
gate, or vergence, angle, which is the difference between
the horizontal angles of the right and left eyes:
DHRHL (A2)
And finally, the G in Eq. (A1) is the parameter we are
interested in. It is the constant that determines how far
the Listing’s planes of the two eyes rotate temporally
when the eyes converge: the larger G is, the farther the
planes turn for any given angles D and V. Our aim is to
compute G given the torsional disparity seen through
the synoptophore.
The Helmholtz angles used in Eqs. (A1) and (A2) are
likely the most efficient co-ordinates for discussing
binocular control in general, although, unfortunately
they are not the best for describing the synoptophore.
This device is built like two sets of Fick gimbals,
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G1.87kDV1 (A11)
Because we use degrees not radians,
G1.87kDV* 180:p1 (A12)
There is a loose end to tidy up: we have seen in the
Results that k, kV and kD are not, in fact, always 0,
which means that Eq. (A8) is not strictly correct. How-
ever, this is not really a problem for our analysis. In
deriving Eq. (A8) we started from Eq. (A1), and these
earlier equations ignored the fact that ocular torsion
can depend on factors besides DV, the product of
disconjugate and vertical position. For example, torsion
can depend to some extent on V or D alone. Had we
built these other dependencies into Eq. (A1), then Eq.
(A8) would have had some more terms corresponding
to k, kV and kD, although the parameter G would not
have appeared in any of those terms. So for our pur-
poses the extra terms would merely have cluttered the
derivation, and we would still have wound up with Eq.
(A12) as our formula for G.
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